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In 2006 Lenchner and Brönnimann [14] showed that in the affine plane, given n lines, not
all parallel and not all passing through a common point, there have to be at least n6 ordinary
points. The present paper improves on this result to show that there must be at least 2n−37
ordinary points, except for a single arrangement of 6 lines with one ordinary point.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
In 1893 Sylvester [18] posed the following celebrated problem: Given a finite collection of points in the plane, not all
lying on a line, prove that there must exist a line which passes through precisely two of the points. Sylvester’s problem
was reposed by Erdős in 1944 [7] and solved the same year by Gallai [9]. In its dual formulation, Gallai’s result states that
given a collection of n lines in the real projective plane, not all passing through a common point, there must be a point of
intersection of just two lines. Such a point of intersection is commonly referred to as an ordinary point.
In 1958 Kelly and Moser [11] showed that a collection of n lines as in the statement of Sylvester’s problem, must contain
at least 3n7 ordinary points. They also gave an example of 7 lineswith exactly 3 ordinary points. In 1993 Csima and Sawyer [4]
showed that except for the 7 line example of Kelly and Moser there must be at least 6n13 ordinary points.
Sylvester’s problem can also be considered in the affine plane. Given a collection of n lines in the affine plane, not all of
which are parallel and not all of which pass through a common point, must there always be an ordinary point? In fact there
must be, as pointed out by the current author in [12]. The existence of such ordinary points was used recently by Ackerman
et al. [1], in their resolution of Murty’s Magic Configuration Problem [16]. Until now, the best known lower bound for the
number of such affine ordinary points has been n6 , as given by Lenchner and Brönnimann [14]. The present paper sharpens
this result to 2n−37 as long as the collection of lines is not the collection of 6 lines with one ordinary point given in Fig. 1.
One of the two main ingredients used to prove the 2n−37 result, Lemma 7, is a generalization of a key intermediate result of
Csima and Sawyer leading to their 6n13 bound (Theorem 2.12 from [4]). Parts of the proof of our Lemma 7 are analogous to
the methods used by Csima and Sawyer to prove their Theorem 2.12. We comment further on the correspondence between
Lemma 7 and Csima and Sawyer’s Theorem 2.12 in the concluding section. For more information on Sylvester’s problem and
its relatives see [2,17].
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Fig. 1. An affine arrangement with six lines with a single (finite) ordinary point.
p
q
l
Fig. 2. An example of a line lwith two ordinary points, p and q, attached through respective shaded triangles. q is attached to l through an infinite triangle.
2. Setup and results from prior work
Although our problem concerns the affine plane we shall do all of our reasoning in the usual 2D model of the projective
plane. A projective ordinary point is an ordinary point that may lie on the line at infinity. An affine or finite ordinary point is an
ordinary point which necessarily resides off the line at infinity. Unless otherwise qualified, ordinary points in a projective
collection of lines are assumed to be projective and ordinary points in an affine collection of lines are assumed to be affine.
We distinguish a collection of lines from the arrangement associated with the collection of lines. When referring to the
arrangement wemean the subdivision of the plane into vertices, edges and faces induced by the line intersections. Whether
or not the collection of lines is affine or projective, we always consider this subdivision in the projective context so that
faces are always bounded by edges, and not simply unbounded. In other words, an affine arrangement is just a projective
arrangement which does not have the line at infinity as one of its lines. Moreover, for affine arrangements, when it comes
to counting the number of vertices, we do not ‘‘count’’ any vertices that may reside at infinity. We use the terms cell and
face interchangeably.
Definition 1. Consider two affine arrangements A and B to be equivalent or affinely equivalent if given the associated
projective arrangements, A∞ and B∞, with respective finite vertex sets A and B, there is a graph theoretic isomorphism
(incidence-preserving bijection) of the vertices ofA∞ to the vertices ofB∞,Φ : A∞ → B∞ such thatΦ(A) = B.
We will only be concerned with the identity of arrangements up to affine equivalence so that when two arrangements
A andB are affinely equivalent we will often say thatA andB are simply the same arrangement.
The following definitions and lemmas (through to Lemma 4) are due to Kelly and Moser [11]—though they gave point-
centric, rather than line-centric versions. See [8] for a contemporary treatment. The next definition and lemma apply equally
to affine as well as projective arrangements.
Definition 2. Say that an ordinary point p is attached to a line l, not containing p, if l together with two lines crossing at p
form a (possibly infinite) triangular cell of the arrangement. See Fig. 2.
Lemma 1 (Four Attachment Lemma). In any arrangement of lines, an ordinary point can have at most 4 lines counting that point
as an attachment.
Proof. An ordinary point is contained in 2 crossing lines, and hence is a vertex of atmost 4 faces. It can therefore be attached
to at most 4 lines. 
Lemma 2. Let T be a triangle formed by three lines of a projective arrangement A. Let l be one of the defining lines of T , [p, q]
the side of T lying on l, and (p, q) the open interior of [p, q]. Suppose that
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Fig. 3. An illustration of the setup and conclusion of Lemma 2. The triangle T in the lemma is the finite triangle△(p, q, r). Since (p, q) contains no ordinary
point the lemma guarantees the existence of an ordinary point attached to l through a triangle contained in T—the vertex x is such an attached ordinary
point.
(i) T is not a cell of the arrangement and
(ii) Every line intersecting the interior of T also intersects [p, q].
Then either (p, q) contains an ordinary point or there exists an ordinary point attached to l through some triangle contained in T .
Proof. We may assume that T is a finite triangle, since otherwise we may apply a projective transformation taking a line
not intersecting T to the line at infinity, thereby making T into a finite triangle. Suppose that conditions (i) and (ii) of the
lemma are satisfied and, moreover, that (p, q) contains no ordinary points. Let x be the vertex ofA in T , not on l, which has
the smallest distance to l. If x is ordinary then by condition (ii) it is attached to l via a triangle in T and we are done. On the
other hand suppose there are three lines l1, l2 and l3 intersecting in x, and let v1, v2 and v3 be their respective intersection
points with l. By assumption, all the vi lie in [p, q] and we assume v2 lies between v1 and v3. Since v2 is not ordinary there is
a linem ≠ l2 entering T at v2. The intersection ofm and l1 orm and l3 is of smaller distance to l than x, a contradiction. 
We observe that under the assumption that (p, q) contains no ordinary point, the lemma can be used to conclude that
l has a finite attached point in the triangle T as long as T is finite, and by ‘‘finite’’ we include the case where T has two
edges lying on parallel lines—the important factor being that the line at infinity should not intersect the interior of T , since
otherwise the attached ordinary point guaranteed by the lemma could be at infinity (see Fig. 3).
Definition 3. A line is said to be of projective type (i, j) if it contains i projective ordinary points and has j projective ordinary
points attached to it.
In what follows we assume that we have an arrangement in which all lines contain at least three projective vertices.
Arrangements having a line with just two vertices are easily seen to have at least n − 2 projective ordinary points and at
least n−22 affine ordinary points. Lemma 2 can then be used to prove the following two lemmas:
Lemma 3 (Projective (0, 3+)-Lemma). If a line l of an arrangement A contains no projective ordinary points, then it must have
at least 3 projective ordinary points attached to it.
Lemma 4 (Projective (1, 2+)-Lemma). If a line l of an arrangement A contains a single projective ordinary point, then it must
have at least 2 projective ordinary points attached to it.
The following are from Lenchner and Brönnimann [14]:
Definition 4. A line is said to be of affine type (i, j) if it contains i affine ordinary points and has j affine ordinary points
attached to it.
Lemma 5 (Affine (0, 1+) Lemma). Let A be an affine arrangement of n lines, not all of which are parallel and not all of which
pass through a common point. If a line l ∈ A contains no finite ordinary point, then it must have at least one finite ordinary point
attached to it.
Proof. If all the finite vertices are on a single line, then all lines but the line with all the vertices must be parallel and so all
vertices are ordinary. Thus, in this case, there is no line without finite ordinary points.
Otherwise, let l ∈ A be a line without finite ordinary points and let x be the closest (finite) vertex on one side of l, and
the most extreme to one side if there are several such vertices. Arguing as in the proof of Lemma 2 we find that x is ordinary
and attached to l. 
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Fig. 4. The four four-line examples with each line having the All-to-One-Side Property.
3. New contributions
Lemma 6 (Sharp Affine (0, 1+) Lemma). Let A be an affine arrangement which is not equivalent to the six line arrangement with
one finite ordinary point in Fig. 1, then at most three lines of A can have affine type (0, 1). All other lines without finite ordinary
points must have two or more finite attached points.
Proof. Consider any line l ∈ Awith no ordinary points. If l has only one attached point then the vertices ofA not contained
in l are either all to one side of l or the other—otherwisewe could argue as in the proof of the Affine (0, 1+) lemma (Lemma 5)
to conclude that a closest vertex to l on either side is an attached point. Call this property of having all vertices to one side
or another of a given line, the All-to-One-Side Property. Before proceeding we establish the following:
Claim 1. In the sub-arrangement of linesA′ ⊂ A having the All-to-One-Side Property, no line can contain more than two (finite)
vertices with other lines of A′.
Proof of Claim 1. Suppose k ∈ A′ had three vertices p, q and r formed by the intersection of k with other elements of A′,
and suppose that q is situated between p and r on k. Then a second line k′ ∈ A′ through q will have p to one side and r to
the other side, a contradiction. 
The next step in the argument is to show, via a case analysis and with the help of Claim 1, that if we actually had four
lines with the All-to-One-Side Property, then the sub-arrangement consisting of just these four lines would necessarily be
one of those in Fig. 4.
We begin the case analysis by observing that there are just four distinct three-line affine arrangements—those depicted in
Fig. 5. To prove that the only four-line arrangements with the All-to-One-Side Property are those in Fig. 4 it suffices to show
that if we add a line, call it l4, to any of the arrangements in Fig. 5, preserving the All-to-One-Side Property, we necessarily
obtain one of the arrangements in Fig. 4.
To start the case analysis, consider Fig. 5, arrangement (a). Adding a line l4 to arrangement (a), not through l1 ∩ l2 ∩ l3
and not parallel to any of the existing lines, would leave l4 with three vertices contradicting Claim 1. On the other hand, if l4
were parallel to one of the existing lines l1, l2, or l3, then we would have Fig. 4, arrangement (b), while if l4 passed through
l1 ∩ l2 ∩ l3 we would have Fig. 4, arrangement (a).
Having argued that adding a line to Fig. 5, arrangement (a), leads to an arrangement in Fig. 4, we may, in the remaining
cases, assume that placing a fourth line creates no vertex of degree 3. So next consider Fig. 5, arrangement (b). If an additional
line l4 is parallel to l3 then we have Fig. 4, arrangement (c), while otherwise, l4 ∩ l3 creates a third vertex on l3, contradicting
Claim 1.
Next consider Fig. 5, arrangement (c). Since, as we may assume, l4 does not create a vertex of degree 3, it must create a
third vertex on one of the existing lines, contradicting Claim 1.
Finally consider Fig. 5, arrangement (d). If l4 is not parallel to each of the existing lines it will contain three vertices,
contradicting Claim 1. Thus, adding a line to Fig. 5, arrangement (d), while maintaining the All-to-One-Side Property,
necessarily leads to Fig. 4, arrangement (d).
Thus in all cases if we have four lineswith the All-to-One-Side Property, the four linesmust form one of the arrangements
in Fig. 4. To conclude the proof we show that in none of the cases (a)–(d) of Fig. 4 can all lines be of affine type (0, 1). In
arrangements (a) and (d) none of the lines currently have affine attached points so there would have to be an additional
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Fig. 5. The four distinct affine three line arrangements. Any lines shown which do not intersect in the figure are assumed to be parallel.
line—in case (a) not through the common intersection point, and in case (d) not parallel to the existing lines. However, in
both cases the presence of such a line would mean that one of the original lines would lose the All-to-One-Side Property.
Thus, if therewere an arrangementwith four lines of affine type (0, 1), the four lineswould have to form either arrangement
(b) or arrangement (c) in Fig. 4.
Of these two remaining cases, first consider Fig. 4, arrangement (b). In the complete arrangement none of these four lines
can have ordinary points so there must be additional lines. Label the top horizontal line in arrangement (b), l3, the bottom
horizontal line l4, and the diagonal line ld. The vertex ld ∩ l3 cannot be ordinary so consider a third line k passing through
this point. kmust intersect l4. However, if k∩ l4 is to the left of ld∩ l4 then the vertical line does not have the All-to-One-Side
Property while if k∩ l4 is to the right of ld ∩ l4 then ld does not have the All-to-One-Side Property. Hence arrangement (b) in
Fig. 4 is not possible.
Finally consider Fig. 4, arrangement (c). Lines can only be added to this arrangement, preserving the All-to-One-Side
Property for the first four lines, by adding lines parallel to and between a pair of existing parallel lines, or connecting a pair of
diagonally opposite vertices. Adding additional parallel lines, however, creates ordinary points so there cannot be additional
parallel lines. On the other hand, the arrangement as drawn has four ordinary points, so the lines through pairs of diagonally
opposite vertices must be added, yielding the six line arrangement in Fig. 1. The lemma is therefore established. 
It is possible that Lemma 6 can be improved—e.g., it may be true that as long as the arrangement is not the one in Fig. 1,
then there can be at most two lines of affine type (0, 1). However, in order to prove such a result one would have to utilize
some properties of the straightness of lines, as the pseudoline example in Fig. 6 shows. Families of pseudolines are normally
considered in the (real) projective planewhere they are defined to be simple closed curves such that any pair has exactly one
point in common, and at that one point the curves properly cross. In the affine plane, we insist that each pair of pseudolines
have a single common point in which they properly cross, or that the pair of pseudolines extends to infinity with a common
slope. See [10] for more on pseudolines.
Lemma 7. In an affine arrangement of lines, two lines of affine type (1, 0) cannot intersect in their finite ordinary point unless
the arrangement consists just of two intersecting lines or is the six line arrangement in Fig. 1.
Proof. Given an affine arrangementA, suppose two (1, 0) lines l, k ∈ A intersect at their common ordinary point p. Under
the assumption that there aremore than just these two lines, there is at least one additional (finite) vertex on one of the lines,
say on k. Let q then be an adjacent finite vertex to p on k. q is not ordinary. Therefore there are lines through q intersecting
l at a finite vertex p′ and a possibly infinite vertex p′′. If p′′ were infinite or on the same side of p along l as p′ then we could
apply Lemma 2 to the triangle△(p, q, p′′) containing p′ to conclude that l either contains a second finite ordinary point or a
finite attached point, in either case an impossibility since l is of affine type (1, 0). Thus p′ and p′′must lie on opposite sides of
p. Further applications of Lemma 2 inside triangles△(p, q, p′) and△(p, q, p′′) show that p′ and p′′ are each closest vertices
to p along l. We conclude that in addition to k, there must be precisely two lines through q, with these lines intersecting l at
adjacent finite vertices p′ and p′′ on either side of p. See Fig. 7.
We can now reason about the vertices p′ and p′′ in analogous fashion to thewaywe just reasoned about q to conclude that
there are lines not only through each of p′, p′′ and q—the closest adjacent vertex to p along k above l (say), but also through
each of p′, p′′ and a second finite adjacent vertex to p along k below l. Thus, the ordinary point p is necessarily surrounded
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Fig. 6. An arrangement of 10 pseudolines, three of which, l1, l2 and l3 , are of affine type (0, 1). The line (pseudoline) l1 and the line affinely to its right
intersect at infinity, as do l2 and the line above it, and l3 and the line to its left.
p
q
p p l
k
Fig. 7. Two lines, l and k, of affine type (1, 0)with common ordinary point p. Vertex q is a closest finite vertex to p along k. As described in the text, there
are precisely two lines through q in addition to k and these lines necessarily intersect l at the closest finite vertices to p, here labeled p′ and p′′ .
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Fig. 8. A hypothetical arrangement with two lines, l and k of affine type (1, 0), with common ordinary point p. As described in the text, p is necessarily
surrounded by finite triangular cells. P,Q , R and S are the projective cells surrounding these triangular cells. Additional lines in the arrangement are not
yet drawn.
by finite triangular cells and, moreover, so that Lemma 2 is not violated, the vertices adjacent to p are each necessarily
3-crossings. See Fig. 8, where we have relabeled the adjacent vertices to p, calling them a, b, c and d.
The line k cuts the affine plane into two half-planes. We shall refer to the half-plane containing the vertex d as the ‘‘right’’
half-plane determined by k, and the half-plane containing the vertex a as the ‘‘left’’ half-plane determined by k. If we say
that something occurs ‘‘to the right of k’’ we mean it occurs in the right half-plane determined by k, and analogously for the
left. In like fashion, when we speak of an object being ‘‘above’’ or ‘‘below’’ l, we mean, respectively, that the object is in the
affine half-pane determined by l containing the point b, or in the affine half-plane determined by l containing the point c.
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Fig. 9. The hypothetical arrangement with lines l and k of affine type (1, 0) intersecting at ordinary point pwhich is necessarily surrounded by four finite
triangular cells. We consider the case where two consecutive projective cells surrounding the triangular cells — in this case Q and R are (4+)-gons and the
line extending the third edge of Q (e3) in the counterclockwise ordering of edges beginning with e1 = [b, d] intersects l at finite vertex g .
Now consider the projective cells surrounding the triangular cells incident to p. Ordering these projective cells clockwise
around p (for example C1 = P, C2 = Q , C3 = R, and C4 = S in Fig. 8) then either there is an opposite pair of triangular cells
(either P and R, or Q and S in Fig. 8) or there are two consecutive cells in the cyclical ordering, each with four or more sides.
We refer to a cell with four or more sides as a (4+)-gon.
If there is an opposite pair of projective triangular cells, Q and S, say, in the figure, then the triangles meet at a common,
possibly infinite, vertex z. Since additional lines could not pass into the interior of Q or S, any additional line would have
to pass through z (in the projective sense if z is infinite) and in the process create an additional finite ordinary point on k
or l, possibly on both, which is impossible since both lines are of affine type (1, 0). In other words, the arrangement could
contain just six lines. If, in this 6-line arrangement, the intersection point, z, were finite it would be attached to both k and l
through infinite triangles, which is impossible since, again, both l and k are of affine type (1, 0). Hence z must be at infinity.
Let l1 = ℓ(a, b) and l2 = ℓ(c, d) denote the two lines meeting at z and write l3 = ℓ(b, d) and l4 = ℓ(a, c). Once again, since
there are no additional lines, l3 and l4 cannot intersect at a finite point, since such a finite ordinary point would be attached
to both k and l, and so we are led inevitably to the six line arrangement in Fig. 1.
On the other hand, suppose that there were two consecutive projective (4+)-gons surrounding the triangular cells
incident to p. Without loss of generality assume the two consecutive (4+)-gons to be Q and R. We consider two cases:
either (1) there is a line (in addition to those drawn in Fig. 8) which determines an edge (or portion of an edge) of Q or R
to the right of k, or (2) there is no such line. Note the possibility of case (2) since Q and R are projective cells. In case (1)
suppose, without loss of generality, that there is an additional line which forms an edge or a portion of an edge of Q to the
right of k. If we label the edges of Q in counterclockwise order by e1, . . . , em, with e1 = [b, d], then either (i) as we proceed
counterclockwise around Q with e2 lying on ℓ(c, d), the line extending e3 will intersect l at a finite point to the right1 of d
or, (ii) in case the line extending e3 is parallel to l or intersects l to the left of a, then as we proceed clockwise around Q with
em lying on ℓ(a, b), the line extending em−1 will intersect k at a finite point above b. The argument is the same in either case,
so suppose we have the former situation and the line extending e3 intersects l at a finite point g to the right of d, as depicted
in Fig. 9. Since a line cannot pass through f into Q , Q being a cell, we can apply Lemma 2 to the finite triangle △(d, f , g)
to conclude that since the finite segment (d, g) contains no ordinary point, either △(d, f , g) is a cell, in which case f is an
ordinary point attached to l, or there is another finite ordinary point attached to l in△(d, f , g)—in either case contradicting
the fact that l is of affine type (1, 0).
With case (1) handled, let us revert back to Fig. 8 and consideration of case (2), where there are no additional lines
forming an edge, or portion of an edge, of either Q or R to the right of k. Observe that the intersection points, ℓ(a, c)∩ℓ(b, d)
and ℓ(a, b) ∩ ℓ(c, d), must both be at finite points to the left of k since otherwise either Q or R would be triangular cells.
Note next that a line of affine type (1, 0)must either have an infinite ordinary point or two infinite attached points by the
Projective (1, 2+) Lemma (Lemma 4). By our assumption about no additional line forming an edge or portion of an edge of
either Q or R to the right of k, there cannot be a line parallel to l, so l cannot contain an infinite ordinary point. We show
that l cannot have even a single infinite attached point. Again by the assumptions on Q and R, there can be no lines in the
arrangement intersecting l to the right of d. Thus any pair of parallel lines giving rise to an infinite ordinary point attached
to lmust intersect l at or to the left of a, with one of the lines, call it j, intersecting l at a finite vertex to the left of a. However
j cannot give rise to an infinite attached point above l since if j does not intersect ℓ(b, d) above l it necessarily passes into R
below l and to the right of k, which is impossible. By a symmetrical argument j cannot give rise to an infinite attached point
below l. Therefore, in case (2), l cannot have either an infinite ordinary or attached point, and so this case is ruled out and
the lemma is established. 
1 Formally: the line extending e3 will intersect l in the right half-plane determined by k in (d,∞). We continue with themore informal terminology—the
formal translations should be self-evident.
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Theorem 8. Let A be an affine arrangement of n lines, not all of which are parallel and not all of which pass through a common
point. If A is not the arrangement in Fig. 1 thenA has at least 2n−37 (finite) ordinary points.
Proof. Let pnbe the number of lineswith one ordinary point andno attachments, and letmbe the number of (finite) ordinary
points. Then, by virtue of Lemma 7, we have
m ≥ pn, (1)
and, under the assumption that the arrangement is not that in Fig. 1, counting either ordinary point-line or attached point-
line associations, and applying the Four Attachment Lemma (Lemma 1) together with the Sharp Affine (0, 1+) Lemma
(Lemma 6) we have
6m ≥ 3+ pn+ 2(n− (pn+ 3)), (2)
where 3 is the maximum number of (0, 1) lines, pn is the number of (1, 0) lines, and n − (pn + 3) is the number of lines
with at least a total of two ordinary plus attached points. The right hand side of (2) is equal to 2n− pn− 3, so that together
with−pn ≥ −m from (1), we obtain
m ≥ 2n− 3
7
. 
In projective arrangements, since the choice of which is the line at infinity is completely arbitrary, we have the following
immediate corollary:
Corollary 1. Let A be a projective arrangement of n lines which is not the six line arrangement in Fig. 1, and which does not
have all lines passing through a common point. Then there are at least 2n−37 ordinary points off any line which is not part of the
arrangement.
Slightly less obvious is the following:
Corollary 2. Let A be a projective arrangement of n lines, no n − 1 of which pass through a common point. Also, assume that
A is not a seven line arrangement having the six line arrangement in Fig. 1 as a sub-arrangement. Then there are at least 2n−57
ordinary points off any line in the arrangement.
Proof. Let l ∈ A and consider the arrangement with l removed. By the assumption about no n − 1 of the lines passing
through a common point and A \ {l} not being our favorite six line arrangement, we may apply the previous corollary to
conclude that there are at least 2(n−1)−37 = 2n−57 ordinary points off of l; points which are ordinary with or without l. 
4. Concluding remarks
As noted in the Introduction, Lemma 7 is a generalization of Csima and Sawyer’s Theorem 2.12 from [4] (or of Theorem 18
from their subsequent ‘‘The 6n13 Theorem Revisited’’ paper [5]) which states that in any projective arrangement which is not
the seven line arrangement due to Kelly and Moser [11] no two lines of projective type (2, 0) can intersect in an ordinary
point. The Kelly–Moser arrangement is our familiar six line arrangement (Fig. 1) with the addition of the line at infinity.
To see that Lemma 7 does indeed generalize Csima and Sawyer’s result, let l and k be two lines of projective type (2, 0)
intersecting at a common ordinary point p. Let q be the second ordinary point on l and let r be the second ordinary point on
k. Take the line through q and r to the line at infinity by a projective transformation. l and k are now lines of affine type (1, 0)
intersecting at their common ordinary point. Lemma 7 then says that the remaining arrangement is the six line arrangement
in Fig. 1. If the line containing q and r , ℓ(q, r), were not part of the original arrangement then the six line arrangement in Fig. 1,
viewed projectively, would not contain any lines of type (2, 0), let alone two (2, 0) lines intersecting at an ordinary point.
It follows that ℓ(q, r)was necessarily part of the original arrangement, but this arrangement is necessarily the Kelly–Moser
arrangement. Lemma 7 is more general than the Csima and Sawyer result because the lemma also rules out a projective
(2, 0) line intersecting with a projective (1, j) line in an ordinary point if the second ordinary point on the (2, 0) line and the
j attached points are all on a line not in the arrangement. Similarly a projective (2, 0) line cannot intersect with a projective
(2, k) line in an ordinary point if the second ordinary point on the (2, 0) line and the second ordinary point on the (2, k)
line, as well as the k attached points, are all on a line not in the arrangement.
Note that the proof of Lemma 7 is considerably easier if we know that lines l and k each have projective ordinary points
at infinity. There is then just case (1) to be considered since the additional line parallel to l would guarantee that there is a
line in addition to those in Fig. 8 forming an edge of Q or R to the right of k. The argument for this case (1) mirrors that given
by Csima and Sawyer in [5].
A famous conjecture, sometimes attributed to Dirac [6] and Motzkin [15], asserts that any projective arrangement of
n lines, for n sufficiently large, must have at least n2 ordinary points. Only two arrangements with fewer than
n
2 ordinary
points are known: the seven line arrangement due to Kelly and Moser and a 13 line arrangement due to McKee [3]. An
infinite family of arrangements with n lines and exactly n2 ordinary points is known and credited to Böröczky (see [2]). The
six line arrangement in Fig. 1 is in fact the smallest of these Böröczky arrangements.
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We conjecture that for sufficiently large n theminimumnumber of total ordinary points and affine ordinary points differs
just by a constant, probably just by two. However, this conjecture at present seems quite hard to prove.
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